REGULAR MODULES WITH PREPROJECTIVE GABRIEL-ROITER 
SUBMODULES OVER n-KRONECKER QUIVERS 



BO CHEN 

Abstract. Let Q be a wild n-Kronecker quiver, i.e., a quiver with two vertices, labeled 
by 1 and 2, and n > 3 arrows from 2 to 1. The indecomposable regular modules with 
preprojective Gabriel-Roiter submodules, in particular, those t~^X with dim X = (l,c) 
for z > and some 1 < c < n — 1 will be studied. It will be shown that for each i > 
the irreducible monomorphisms starting with t'^X give rise to a sequence of Gabriel- 
Roiter inclusions, and moreover, the Gabriel-Roiter measures of those produce a sequence 
of direct successors. In particular, there are infinitely many GR-segments, i.e., a sequence 
of Gabriel-Roiter measures closed under direct successors and predecessors. The case 
n — 3 will be studied in detail with the help of Fibonacci numbers. It will be proved that 
for a regular component containing some indecomposable module with dimension vector 
(1, 1) or (1, 2), the Gabriel-Roiter measures of the indecomposable modules are uniquely 
determined by their dimension vectors. 

Mathematics Subject Classification (2000). 16G20,16G70 

1. Introduction 

Let A be an artin algebra and mod A the category of finitely generated right A- modules. 
For each M G mod A, we denote by \M\ the length of M. The symbol C is used to denote 
proper inclusion. 

We first recall the original definition of Gabriel-Roiter measure |15tll6j. Let N={1, 2, . . .} 
be the set of natural numbers and V{N) be the set of all subsets of N. A total order on 
V(N) can be defined as follows: if I, J are two different subsets of N, write / < J if the 
smallest element in (/\J) U (J\/) belongs to J. Also we write I <^ J provided I C J and 
for all elements a £ I, b G J\I, we have a < b. We say that J starts with / if / = J or 
I J . Thus I < J < I' with /' starts with / implies that J starts with /. 

For each M G mod A, let n{M) be the maximum of the sets {|Mi|, IM2I, . . . , |Mj|}, 
where Mi C M2 C . . . C Mf is a chain of indecomposable submodules of M. We call 

Key words and phrases. n-Kronecker quivers, Gabriel-Roiter measure, direct successor. 
The author is supported by DFG-Schwerpunktprogramm 1388 'Darstellungstheorie'. 
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fi{M) the Gabriel-Roiter (GR for short) measure of M. A subset / of V^N) is called 
a GR measure for A if there is an indecomposable A-module M with fJ,{M) = I. If M is 
an indecomposable A-module, we call an inclusion X C M with X indecomposable a GR 
inclusion provided fJ^{M) = IJ.{X) U {|M|}, thus if and only if every proper submodule of 
M has Gabriel-Roiter measure at most IJ-{X). In this case, we call X a GR submodule 
of M. Note that the factor of a GR inclusion is indecomposable. 

Using Gabriel-Roiter measure, Ringel obtained a partition of the module category for 
any artin algebra of infinite representation type \15\ I16j : there are infinitely many GR 
measures !{ and /* with i natural numbers, such that 

h<h<h< <I^ <I^ 

and such that any other GR measure / satisfies li < I < P for all The GR measures 
li (resp. /*) are called take-off (resp. landing) measures. Any other GR measure is called a 
central measure. An indecomposable module M is called a take-off (resp. central, landing) 
module if its GR measure ^i{M) is a take-off (resp. central, landing) measure. It was proved 
in [15] that every landing module is preinjective in general sense. 

Let /, /' be two GR measures for A. We call /' a direct successor of / if, first, 
I < I' and second, there does not exist a GR measure /" with I < I" < I' . The so-called 
Successor Lemma in [IB] states that any GR measure / different from I^, the maximal 
one, has a direct successor. However, a GR measure, which is not the minimal one /i, may 
not admit a direct predecessor. A GR segment is a sequence of GR measures closed under 
direct predecessors and direct predecessors. It was conjectured that an artin algebra if of 
wild type if and only if it has infinitely many GR segments. 

The GR measure for path algebras of tame quivers (over an algebraically closed field) 
were studied in [3llll[5|. In particular, the connection between GR measure and Auslander- 
Reiten theory was studied. For example, let 6 be the minimal positive imaginary root and 
Hi be an indecomposable homogeneous simple module (with dimension vector 6), then 
the sequence of irreducible monomorphisms Hi^H2-^H^^ . . . gives a sequence of GR 
submodules. Moreover, fi{Hi^i) is the direct successor of fJ-i^Hi) for each i > 1. It was also 
shown in [S] that for a tame quiver, there are, but only finitely many, GR measures which 
have no direct predecessors, and in [9] that the number of the GR segments is bounded by 
6-|-3, where b is the number of the isomorphism classes of exceptional quasi-simple modules. 

So far, not much about the GR measures for wild quivers is known. In jlOj . it was 
proved for 3-Kronecker quiver that there are uncountable many Gabriel-Roiter measures 
(modules of infinite length were considered). It was also conjectured there the existence of 
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the maximal central measure (which should be an infinite sequence of natural numbers). In 
[B], the wild n-Kronecker quivers were studied and infinitely many GR measures admitting 
no direct predecessors were constructed. 

In this paper, the study will be focused on n-Kronecker quivers: 



with n > 3. The indecomposable modules whose GR submodules are preprojective will be 
studied. Similar to the case of homogeneous modules for tame quivers, the following result 
will be shown: 

Theorem 1. Let X he an indecomposable module containing a preprojective module as 
a GR suhmodule. Then for each i > and each j > 1, the irreducible monomorphism 
T~'^ X\j\^T^'^ X[j + 1] is a GR inclusion. Moreover, up to isomorphism, r~*X[j] is the 
unique GR submodule of T~'^X[j + 1]. 

Here r is the Auslander-Reiten translation and X[j] denotes the regular module with 
quasi-simple submodule X and quasi- length j. Note that X is always quasi-simple under 
the assumption. 

The vectors (1, c) with 1 < c < n — 1 are imaginary roots. An indecomposable module 
(existence by X with dimension vector (l,c) contains the projective simple module as 
a GR submodule. Thus the above theorem implies that T^'^X[j + 1] contains T~^X[j], up 
to isomorphism, as the unique GR submodule. Using some combinatorial studies, it will be 
seen that the Gabriel-Roiter measures fj,{T^^X[j]) are namely determined by i, j and the 
dimension vectors (l,c). 

Theorem 2. Let X be an indecomposable module with dimension dim X = (l,c) for some 
1 < c < n — 1 and M an indecomposable module. Let i > and j > 1. Then ^{M) = 
li[T~'^X[j]) if and only if M = r~*y[j] for some indecomposable module Y with dimy = 
(l,c) = dimX. 

As a consequence of this theorem, we may obtain the following result, which can be 
used to show that the number of the GR segments for n-Kronecker quivers is unbounded: 

Theorem 3. Let X be an indecomposable module with dimension vector dim X = (l,c) for 
some 1 < c < n — 1. Then for each i > and j > 1, fj,{T''^X[j + 1]) is the direct successor 
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of fi{T-'X[j]). 
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As an application of the general discussion, we will study in detail the regular com- 
ponents over the 3-Kronecker quiver, which contains an indecomposable module with di- 
mension vector (1,1) or (1,2). In [18], it was proved that the indecomposable modules 
in a regular component of any wild hereditary algebra are uniquely determined by their 
dimensions. Thus in each regular component, only finitely many indecomposable modules 
have the same length. It may be asked if these modules of the same length have the same 
GR measure. However, this is not always the case (see Section [5.41 for an example). We can 
partially answer this question as follows: 

Theorem 4. Let Q be the 3-Kronecker quiver. Let X be an indecomposable module with 
dimension vector (1,1) or (1,2) and C a regular component containing X. Then the GR 
measures of the indecomposable modules in C are uniquely determined by their dimension 
vectors. 

In section [21 some preliminaries, notations and elementary results will be recalled. 
Section [3] is devoted to a study of the indecomposable regular modules with preprojective 
GR submodules. In particular, the theorem concerning the coincidence of the irreducible 
monomorphisms and the GR inclusions will be shown. In Section [H the indecomposable 
modules r~*X with z > and dimX = (1, c) will be studied. In particular, the direct suc- 
cessors of r~*X[j] will be described for i > and j > 1. The regular components containing 
an indecomposable module with dimension vector (1, 1) or (1, 2) over a 3-Kronecker quiver 
will be studied in detail in Section [5l 

2. Preliminaries and known results 

2.1. Representations of n-Kronecker quivers. We recall some facts of representations 
of quivers. The best references are [ll[Il]. We also refer to |12[ I13j for general structures of 
representations of wild quivers. We also refer to [11] for the relationship between the roots 
and the indecomposable modules. 

Let Q be an n-Kronecker quiver with n > 3 and k an algebraically closed field. A 
representation of Q over k is simply called a module. The Cartan matrix and the Coxeter 
matrix are the following: 

\ n 1 I \ —n ~1 / \ n — 1 / 

The dimension vectors can be calculated using dim rM = ( dim M)^ if M is not projective 
and dimr~^A^ = ( dim N)^^^ if N is not injective, where r denotes the Auslander-Reiten 
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translation. The quadratic form q{{xi,X2)) = x\ + x\ — nxiX2- A vector (a, 6) is a real 
root if q{{a,b)) = 1. The positive real roots are precisely the dimension vectors of the 
indecomposable preprojective modules and those of the indecomposable preinjective mod- 
ules. For each positive imaginary root (a, 6), i.e., q{{a,b)) < 0, there are infinitely many 
indecomposable modules with dimension vector {a,b). Note that the dimension vector of 
an indecomposable module is either a positive real root or a positive imaginary root. The 
Euler form is {{xi,X2), (2/1,2/2)) = xiyi + X2y2 — nxiy2- For two indecomposable modules 
X and y, 

dimHom (X, Y) - dimExt ^ (X, Y) = (dim X, dim F) . 

The Auslander-Reiten quiver of Q consists of one preprojective component, one prein- 
jective component and infinitely many regular ones. An indecomposable regular module 
X is called quasi-simple if the Auslander-Reiten sequence starting with X has an inde- 
composable middle term. For each indecomposable regular module M, there is a unique 
quasi-simple module X and a unique natural number r > 1 (called quasi-length of M 
and denoted by ql (M) = r) such that there is a sequence of irreducible monomorphisms 
X = X[l]^X[2]^ ...^X[r] = M. In this case, we denote by qs (M) = X. Dually, 
there is a unique quasi-simple module Y (denote by qt (M)) with a sequence of irreducible 
epimorphisms M = [r]y— ;> . . . — i>[2]y— = Y. 

2.2. Properties of GR measure. We present some known results being used later on. 
The following proposition was proved in |15j : 

Proposition 2.1. Let A he an artin algebra and X and Yi,Y2, . . . ,Yr be indecomposable 
modules. Assume that X — t- ®l^iYi is a monomorphism. 

(1) fi{X) < max{^l{Yi)}. 

(2) If max{fi{Yi)} = ^x{X), then f splits. 

We collect some properties of GR inclusions in the following lemma. The proof can be 
found for example in [21 13] . 

Lemma 2.2. Let A be an artin algebra and X C M a GR inclusion. 

(1) // all irreducible maps to M are monomorphisms, then the GR inclusion is an irre- 
ducible map. 

(2) Every non-zero homomorphism Y^M/X , which is not an epimorphism, factors 
through the canonical projection M^M/X . 
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(3) There is an irreducible monomorphism X^Y with Y indecomposable and an epi- 
morphism Y^M . 

(4) IfY is indecomposable with ^i{X) < fi{Y) < i.i{M), then \ Y\ > \M\. 

2.3. The partition for n-Kronecker quivers. Let Q be an n-Kronecker quiver. We are 
going to describe the partition obtained using GR measure for Q. 

The preprojective component is the following (note that there are actually n arrows 
from Pi to Pi+i): 

P2 = {l,n) P4 = (n^ - l,n3 - 2n) 

A = (0,1) i^ = (n,n2-i) ^2^!^::^/^ ... 

Since every irreducible map in the preprojective component is a monomorphism, Pi is, 
up to isomorphism, the unique GR submodule of Pj+i by Lemma 12.2( 1). Similarly, the 
preinjective component is of the following form: 

Q3 = (n3-2n,n2-l) Qi = (n,l) 

••• Q^^r:^^- Q2 = {n^-l,n) Qo = (l,0) 

Let us denote by Ij (resp. /*) the take-off (resp. landing) measures and by A{I) the set 
of the representatives (of the isomorphism classes) of indecomposable modules with GR 
measure I. 

Proposition 2.3. (1) The take-off part contains precisely the simple injective module 
and the indecomposable preprojective modules. 

(2) The landing part contains precisely all non-simple indecomposable preinjective mod- 
ules. 

(3) An indecomposable module is a central module if and only if it is regular. 

Proof. (1) We show, by induction on m, that A{Im) = {Pm} for each m > 2. If m = 2, the 
assertion holds by the description of I2, which is the GR measure of a local module with 
maximal length. Assume that n{M) = Im+i for some indecomposable module M. Since M 
is not simple, we may assume that y is a GR submodule of M. Then fJ-{Y) = U < Im for 
some i < m, and thus Y = Pi hy induction. It follows from Lemma I2.2r 3) that there is an 
epimorphism Pj+i— t-M. In particular |M| < If the equality does not hold, then 

Ira+1= fliM) = IiU{\M\} > /iU{|Pi+i|,...,|P„|,|P„+i|} > IiU{\Pi+i\,...,\P^\} = Im. 
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This is a contradiction because the GR measure fj,{Pm+i) = U {|Pj+i|, . . . , \Pm\, |-fm+i|} 
Hes between Im and Im+i- Therefore, \Pi+i\ = \M\ and thus Pj+i = M. Since fJ-{M) = Im+i, 
we have i = m and thus A{Im+i) = {^m+i}- 

(2) Since there is a short exact sequence 0— )■/"— s-Ir-i— ^0 for each r > 1, ii{Ir+i) < 
fj-{lr) by Proposition 12.11 Because landing modules are preinjective (see [IS]), A{I"^) con- 
tains precisely one isomorphism class Qm- 

(3) is straightforward. □ 

3. Regular modules with preprojective GR submodules 

Let Q be an n-Kronecker quiver with n > 3. Before studying the regular modules 
whose GR submodules are preprojective, we present some combinatorial descriptions of 
the indecomposable regular modules with dimension (a, b) such that a < b. We write two 
vectors (a, b) < (c, d) if a < c and b < d. 

Lemma 3.1. Let X be an indecomposable regular module with dimension vector dim X = 
{a,b) such that a<b. Let i>l and assume that dim t^^X = {c,d). Then 

(1) (a, 6) < icd). 

(2) c<d. 

(3) For each r > 0, E[=odimr"^X < dimr'^^+^^X. 

Proof. We show (3) and (1) and (2) follow similarly. Let i = 1 and we show c — 2a > and 
d — 2b > 0. Since n > 3 and b > a, we have c — 2a = nb — 3a > 0. Note that the equality 
hold only for n = 3 and a = b. Similarly, d — 2b= (n^ — 1)6 — na — 2b= (n^ — 3)6 — na > 0. 
Then the proof follows by induction. □ 

Corollary 3.2. Let X be a quasi-simple module with dimension vector dim X = (a, 6) and 

a <b. Consider the following short exact sequence 

O^T^'X[j] ^ T-'X[j + l]^r-(*+J')X^O 

where f is an irreducible monomorphism andi >0,j> 1. Then dim T^^X[j] < dim r^^^^^^ X 
and thus \T-'X[j]\ < |t-(*+^')X|. 

Proof. This follows directly from the lemma with the assumption that X is quasi-simple. □ 

Let B be the set of the isomorphism classes of the indecomposable regular modules 
whose GR submodules are preprojective. Note that B is not empty since it contains all 
indecomposable modules X with dimension vector dhnX = (1,1). By Proposition 12.31 
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an indecomposable module X is contained in B if and only if X has no proper regular 
submodules. In particular, X ^ B implies that X is quasi-simple. 

Lemma 3.3. Let X ^ B with dimension vector dim X = (a, b). Then a <b. 

Proof. There is nothing to show if a = 1. Assume a > 2 and let M be an indecomposable 
regular module with dimension vector (l,n — 1) (note that M exists since (l,n — 1) is an 
imaginary root). Since there does not exist an epimorphism M— )-X and X has no proper 
regular submodules, we have Hom(M, X) = 0. It follows that ((l,n — l),(a,6)) < and 
thus a — b = a + {n — 1)6 — nb <0. □ 

Lemma 3.4. Let X & B and Y be a GR submodule of X. 

(1) For each i > 0, t'^X G B. 

(2) There exists an m > 1 such that t*X ^ B for any i > m. 

(3) // the GR factor X/Y is not simple, then X/Y € B. 

(4) If M is a non-simple indecomposable proper factor module of X, then fJ-{M) > n{X). 

Proof. (1) Since a proper inclusion M C t~^X with M a regular module induces a proper 
regular submodule t*M of X, t^'^X has no proper regular submodules and thus t~^X G B 
for all i > 0. 

(2) Without loss of generality, we may assume that dimX is minimal in the r-orbit of 
X. Using the Auslander-Reiten formula we have Hom {X, tX) ^ DExt ^(X, X) / 0. If tX 
has no proper regular submodules, then there is an epimorphism X^tX, which contradicts 
the minimality of dimX. Therefore, tX ^ B and thus t^X ^ B for any i > 1 by (1). 

(3) Assume that X/Y is not simple and X is a GR submodule of X/Y . Then the 
inclusion N^X/Y factors through X and thus N is isomorphic to a proper submodule of 
X. Note that N is preprojective since X £ B. On the other hand, a GR submodule of a 
non-simple preinjective module is always a regular one. Therefore, X/Y is regular. 

(4) We may assume that M is not preinjective by the description of the landing part. 
If /u(M) < fi{X), then fi{Pr) < /i(M) < fi{X), where Pr is a GR submodule of X, since M 
is regular. It follows that \M\ > \X\ by Lemma l2. 2( 4). which is a contradiction. □ 

Let X €z B and i > 1. Then r^*X £ B hy above lemma. We are able to determine the 
GR submodules of r"*X. 

Lemma 3.5. Let X £ B and Pr a GR submodule of X. 
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(1) If X/Pr is regular, then t ^P^ is, up to isomorphism, the unique GR submodule of 
T^'^X for each i >0. 

(2) IfX/Pr is simple, then t'^'-^^ Pr+ 1 is, up to isomorphism, the unique GR submodule 
of T~^X for each i>\. 

(3) For allO<i< j, fiir-'X) > nir-^X). 

Proof. (1) If X/Py is regular, then the GR inclusion induces a monomorphism Pr+2 = 
T^^ Pr^T^^ X with a regular factor. If there is a monomorphism P^+s— then there 
is a monomorphism Pr+i = rPrJ^-^^X . This contradicts Pr is a GR submodule of X. Thus 
T~^Pr is a GR submodule of t^^X. Since the factor is regular, we have T~'^Pr is a GR 
submodule of r~*X for alH > 1 by induction. 

(2) Assume that X/Pr is simple. Let dim P,. = {a,b). Then dimX = (a + 1,6). It 
follows that dim r~^X = (nb—a — 1, (n^ — 1)6— n(a+l)), dim r~^Pr = {nb—a, (n^ — 1)6— na) 
and dimPr+i = (6, n6 — a). Comparing the dimension vectors, we know that Pr+i is a GR 
submodule of t^^X (using Lemma [2.2r 3)). Note that (nb — a — 1) — 6 = {n — 1)6 — a — 1 > 1. 
Thus the GR factor T~^X/Pr+i is not simple. It follows from (1) that r^^^^^^P^+i is a GR 
submodule of r~*X. 

(3) This is straightforward by (1) and (2). □ 

As a consequence of the last statement of this lemma, we have: 
Corollary 3.6. There does not exist a minimal central measure. 

Proof. For the purpose of a contradiction, we assume that M is an indecomposable module 
such that fJ,{M) is the minimal central GR measure. It follows that M is regular by the 
description of the partition and a GR submodule of M is preprojective by the minimality 
of fJ,{M). This implies that ^{t~^M) < fJ,{M) for each i > 1, which is a contradiction. □ 

Remark Note that for a tame quiver, the minimal central measure always exists [U [5]. 
However, it does not mean that any wild quiver has no minimal central measure. For 
example, let Q' be the wild quiver with three vertices, labeled by 1, 2, 3, and one arrow from 
1 to 2 and two arrows from 2 to 3. Then the GR measure of the indecomposable projective 
module Pi is /^(Pi) = {1,3,4}, which is the minimal central measure [7j. 

Let X ^ B. Lemma l3. II and Corollarv 13.21 give some combinatorial descriptions of the 
dimension vectors of r~*X for i > 0. We will use these to study the GR submodules of 
T~*X[j] for alH > and j > 2. We first recall what a piling submodule is [17] . 
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Definition 3.7. Let A he an artin algebra and M be an indecomposable A-module. Then 
an indecomposable suhmodule X of M is called a piling submodule if > /u(y) for all 

submodules Y of M with \ Y\ < \X\. 

Lemma 3.8 (|17j). Let A be an artin algebra and M be an indecomposable A-module. Let 
X be an indecomposable submodule of M. Then X is a piling submodule of M if and only 
if fi{M) starts with fJ,{X) (meaning that n{X) = ^{M) n {1,2,3, . . . , |^|}). 

The following result is crucial when calculating the GR submodules of r^*X[j] for 
X ^ B over n-Kronecker quivers. 

Proposition 3.9. Let 0— t-X — t- y — t- Z— )-0 be an short exact sequence of indecomposable 
regular modules such that 

(1) f is an irreducible monomorphism, 

(2) Z contains a preprojective module as a GR submodule, 

(3) \X\ < \Z\. 

Then f is a GR inclusion. Moreover, X is, up to isomorphism, the unique GR submodule 
ofY. 

Proof. Let U ^ Y he an indecomposable regular submodule. If the composition ng is zero, 
then the inclusion g factors through / and thus U is isomorphic to a submodule of X. If 
ng is not zero, then it is an epimorphism since Z contains no proper regular submodules. 
In particular, \U\ > \Z\. Therefore, an indecomposable proper regular submodule of Y 
is either isomorphic to a submodule of X, or with length greater than \Z\. Let V be an 
indecomposable submodule of M such that \V\ < \X\. If V is regular, then V is isomorphic 
to a submodule of Y by above discussion since \V\ < \X\ < \Z\. If V is preprojective, then 
fi{V) < f^{X). It follows that X is a piling submodule of Y and thus n{Y) starts with fi{X) 
by Lemma[3]8l Let C/ be a GR submodule of Y. Then [/ is a regular module. For the purpose 
of a contradiction, we assume that U ^ X. Then by above discussion, \U\ > \Z\ > \X\. 
Let Ui C U2 C ... C Ur = U he a GR filtration of U. Since n{X) < fi{U) < fi{Y), 
we have n{U) starts with fJ-{X). Therefore, there is an Ui such that \Ui\ = \X\, and thus 
Ui = X. However, X — )■ y is an irreducible monomorphism implies U is decomposable. 
This contradiction shows X is the unique, up to isomorphism, GR submodule of Y. □ 

The following theorem is a direct consequence of Lemma 13.31 Corollarv l3.2l and Propo- 
sition 13. 9i 
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Theorem 3.10. Let X G B. Then for each i > and each j > 1, the irreducible monomor- 
phism T^*X[j]— 7>T^*X[j + 1] is a GR inclusion. Moreover, up to isomorphism, r^*X[j] is 
the unique GR suhmodule of T^^X[j + 1]. 

Before ending this section, we give a description of the dimension vectors of indecom- 
posable regular modules with the same lengths and trivial Hom-spaces. 

Lemma 3.11. Let X, Y he indecomposable regular modules with dimension vectors {a,b) 
and (r, s), respectively. Assume that \X\ = \Y\, i.e., a + b = r + s, and Hom(X, y) = 0. 
Thens>b+^^^^ 



(n+l)a-fe ■ 

Proof. Since Hom {X, Y) = 0, we have 

((dimX,dimy) = dimHom(X,y) - dimExt^{X,Y) < 0. 

It follows that 

ar + bs — nas < 0. 

Using a + 6 = r + s, we obtain that a{a + b — s) + bs — nas < 0. Therefore, 

((n + l)a - b)s > a{a + b). 

Assume for a contradiction that (n + l)a < b. Since (a, b) is an imaginary root, I < 
n+Vn'^-4: ^ follows that n + 1 < ^ < 71. This contradiction implies (n + l)a > b and 

thus 

a'^+ab , a^-nab + b'^ , q((a,b)) 
S > 7 7T r = b + — -T — = + 



(n + l)a-6 {n + l)a-b {n + l)a - b' 

The proof is completed. □ 

4. INDECOMPOSABLE MODULES T^'^X WITH dim X = (1, c) 

For each natural number 1 < c < n — 1, the regular components containing inde- 
composable modules with dimension vectors (l,c) are of special interests. For example, 
in section [5l we will see that in case n = 3, the dimension vectors of the indecomposable 
modules in a regular component containing some X with dim X = (1, 1) or (1, 2) relate to 
pairs of Fibonacci numbers and the GR measures of the indecomposable modules in such a 
component are uniquely determined by their dimensions. 

Let dimX = (l,c). It is easily seen (for example in the following lemma) that the 
GR submodule of X is a projective simple module. Therefore, r~*X G B for all i > 1 by 
Lemma 13.41 It follows that r~*X[j] is, up to isomorphism, the unique GR submodule of 
T~'^X[j + 1] for each i > and each j > 1 (Theorem 13. lOp . It turns out that the dimension 



12 



BO CHEN 



vector (l,c) and the indexes i and j determine the GR measures. Using this we can show 
that n{T^'^X[j + 1]) is a direct successor of ;u(r~*X[j]) for every i > and j > 1. 

Lemma 4.1. Let c be a natural number such that 1 < c < n—1. Then the vector (1, c) is an 
imaginary root. Let X be an indecomposable module with dimension vector dim X = (l,c). 

(1) X is a (regular) quasi-simple module. 

(2) A GR submodule of X is isomorphic to the projective simple module Pi . 

(3) If c = 1, T~^^^^'>P2 is a GR submodule of t^^X for each i>l. If c> 1, r^*Pi is a 
GR submodule of t~'^X for each i>0. 

(4) Let M be an indecomposable module. Then ^{M) = n{X) if and only if dim M = 
(l,c) = dimX. 

Proof. It is easily seen that q{{l,c)) < and thus (l,c) is an imaginary root. Let X be 
indecomposable with dimX = (l,c) and Y a GR submodule of X. Then dim l" = (0, 1) 
or dim !" = (l,r) with r < c. If the second case holds, then the GR factor has dimension 
(0, c — r) which is impossible. Thus Y is isomorphic to Pi, the projective simple module. 
In particular, X is quasi-simple since it has no proper regular submodules. Thus we may 
describe the GR submodules of t^^X using Lemma [3.51 If M is an indecomposable module 
with fJ.{M) = fJ,{X), then Pi is a GR submodule of M and thus there is an epimorphism 
P2^M (Lemma 12. 2p . In particular, we have dimM = for some r < n since dim P^ = 
(l,n). Therefore, dimM = dhnX since |M| = \X\. □ 

Lemma 4.2. Let X be an indecomposable module with dimension dimX = (l,c) and 1 < 
c < n — 1. Let i > 1 and suppose that dim r~^X = (a, b). Then < —q{{a, b)) < (n + l)a — 6. 

Proof. Since the quadratic q is invariant on the dimension vectors of the indecomposable 
modules in a r-orbit, we have 

-g(dimr-^X) = -g((a, b)) = c)) = -c"" + nc - 1 = -{c - + ^ - 1. 

If i = 1, then (a, b) = dimr~-'^X = (1, c) [ ^ „ ^ | = (nc — 1, (n^ — l)c — n). 

\ n — 1 J 

Assume for a contradiction that —q{{a,b)) > (n+l)a— 6. Thusnc— c^ — 1 > (n+l)(nc— 1) — 
(n^ — l)c + n. It follows that + c < which is impossible. Thus —q{{a, b)) < (n + l)a — 6. 

Now we assume that i > 2. If i = 2, then 
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Thus a-n^ = n^c-2nc-2n^ + 1 = nc{n'^ - 2) - 2{n'^ - 2) - 3 = {nc-2){n'^ -2)-3 > since 
c > 1 and n > 3. Thus the first coordinate of the dimension vector dimr~*X is greater than 
for every i > 2 by Lemma [3Tl Since -q( dim r~^X) = -q{ia, b)) = -(c- + ^ -1 < 

2 2 2 

it is sufficient to show for each i > 2 that ^ < (n + l)a — b. If ^ > (n + l)a — b, then 
n+ 1 < ^ + ^ < "+^^^~'^ -\-l^^n+^<n+l, since a > v?. This contradiction imphes 
that < -g((a,6)) < (n + l)a-6. □ 

Corollary 4.3. Let X be an indecomposable module with dimension dim X = (l,c) for 
some 1 < c < n — 1 and M = t~^X for some i > 1 with dimM = {a,b). Let N be 
an indecomposable regular module with dimension vector {r,s) such that \M\ = \N\. If 
Horn (M, A^) = 0, then s>b 

Proof. We have seen in Lemma 13.111 that s > b — ■ The statement follows since 

" < (n+l)a-fe < '-' 

Lemma 4.4. Lei M be an indecomposable module with dimM = {a,b), 1 < a < b. Thus 
dim r^-'^M = (nb — a, {v? — 1)6 — na). Assume that that (a — 1, 6 + 1) is not an imaginary 
root. Then neither is {nb — a — t, (n^ — 1)6 — na + t) for any 1 <t<nb — a— 1. 

Proof. Let t = 1. By assumption a < b, we have < since (a — 1, 6 + 1) is not 

an imaginary root, and 1 < nb — a < {n^ — 1)6 — na. Thus we need to show that 



(n? — 1)6 — na + 1 b — n — 1 n + \fr?- 
— n : > 



n6 — a — 1 n6 — a — 1 

Therefore, it is sufficient to show that 

6 — n — 1 ^ a 



- - a - 



n6 — a— 1 6 + 1 

Assume for a contradiction that > x-rr • Then b'^—nb — b + b — n — 1 > nab - 

nb—a—l — 0+1 — 

n6 + a + 1, and thus > a( dim M) = q{{a, 6)) = 6^ — nab + > 2 + n, which is impossible. 
Since ^"'^fclf-T^^ ^ n+v^EH, for each 1< t < n6 - a - 1, we have 



(n^ — 1)6 — na + i ^ (n^ — 1)6 — na + 1 ^ n + a/t? 



nb — a — t nb — a — l 

The proof is completed. □ 

Corollary 4.5. Lei X be an indecomposable module with dimension dimX = (l,c) with 
1 < c < n — 1 and M = t^^X for i > 1 with dimM = (a, 6). Then (a — t,b + 1) is not an 
imaginary root for any 1 < t < a — 1. 
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Proof. By Lemma 14.41 we need only to show for i = 1 that (a — 1, 6 + 1) 
l)c — n + 1) is not an hnaginary root. It is sufficient to show that 



(nc — 2, (n^ 



6 + 1 (n^-l)c-n + l n + ^n^ - 4 




□ 



Theorem 4.6. Let X be an indecomposable module with dimension dim X = (l,c) with 1 < 
c < n — 1 and M an indecomposable module. Let i >0 and j > 1. T/ien fJ-{M) = /i(r~*X[j]) 
z/ and only if M = r^*y [j] /or some indecomposable module Y with dim Y = (1, c) = dim X. 

Proof. We first assume that j = 1. By Lemma I4.1l f4). it is sufficient to consider i > 1. 
If M = r~*y for some indecomposable module Y with dimy = (l,c) = dimX, then the 
GR measures are obvious the same by Lemma 13.51 Conversely, since fi{M) = /i(r~*X), a 
GR submodule of M is preprojective. In particular, M has no proper regular submodules. 
Because |M| = |t-*X|, the vector space Hom (t~*X, M) = Oif M ^ t'^X. Let dimr-^X = 
(a, b) and dim M = (r, s). Then we have s > 6 by Corollarv l4.3l and thus (r, s) = {a — t, b+t) 
for some t > 0. However, Corollarv 14.51 implies that (r, s) is not an imaginary root if t > 1. 
Therefore, (r, s) = (a, 6) and thus (r, = (a,6)<I>* = (l,c). It follows that M = t^^Y for 
some Y with dimension vector dimy = (1, c) = dimX. 

Now we assume that j > 1. If M = r^*y[j] for some indecomposable module Y with 
dim y = (l,c) = dimX, then t^*X and r^^Y have the same dimension vector and isomor- 
phic GR submodules for each i > 0. Thus ;u(r~*y[j]) =^(r~*X[j]) since the irreducible 
monomorphisms are GR inclusions (Theorem IS.lOp . Conversely, if n{M) = n{T~^X[j]), 
then niM) = ^x{T-'X[j - 1]) U {|M|} since T-'X\j - 1] is a GR submodule of t-'X[j\ 
(Theorem 13. lUp . In particular, if is a GR submodule of M, then n{N) = ij,{T~'^X[j — 1]). 
By induction on i + j, we have N = T''^Y[j — 1] for some indecomposable module Y with 
dimy = (l,c) = dimX. It follows that dim r^*y[j] = dimr~*X[j] and thus |T^*y[j]| = 
|T~*X[j]| = \M\. Note that there is an epimorphism T~'^Y[j]^M since N = T^^Y[j — 1] is 
a GR submodule of M (Lemma 0^3)). Therefore, M ^ T-^Y[j]. □ 

This theorem concludes that the GR measures /i(r~*X[j]) are determined by the in- 
dexes i and j and the dimension vector (1, c). Using this result, we can describe the direct 
successors of /i(r^*X[j]) for alH > and j > 1, where dimX = (l,c). 

Theorem 4.7. Let X be an indecomposable module with dimension vector dim X = (l,c) 
for some 1 < c < n — 1. Then for each i > and j > 1, fi{T^'^X[j + 1]) is the direct 
successor o/ ;u(r^*X[j]). 
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Proof. For the purpose of a contradiction, we assume that M is an indecomposable module 
such that fi{T-'X[j]) < ^{M) < ii{T-^X[j + 1]). It follows that /u(M) = ^{T~^X[j]) U 
{mi,m2, ■ ■ ■ rrit} and nii > |t^*X[j + 1]|. Let C A^' be indecomposable modules in 
a GR filtration of M with ij,{N) = n{T-'X[j]) and \N'\ = mi. Then N ^ T-'Y[j\ for 
some indecomposable Y with dim l" = dimX = (l,c) by Theorem 14.61 Since is a GR 
submodule of A^', there is an epimorphism r~*y[j + 1]— t-A^'. It follows that |A^'| = mi < 
|r-*y[j + 1]| = \T~^X[j + 1]|. This is a contradiction. □ 

Reall that a GR-segment is a sequence of Gabriel-Roiter measures, which is closed 
under direct predecessors and direct successors. We have proved in [9] that a tame quiver 
has only finitely many GR-segments and conjectured that a wild quiver has infinitely many 
GR-segments. It was already constructed in [6j for n-Kronecker quivers infinitely many GR 
measures of regular modules, which admit no direct predecessors. Since each GR measure 
that does not admit a direct predecessor produce a GR segment by taking direct successors, 
we have already infinitely many GR segments for n-Kronecker quivers. Now Theorem 14.71 
actually gives a new series of (infinitely many) GR segments. 

Theorem 4.8. There are infinitely many GR-segments of n-Kronecker quiver. 

Proof. Fix some 1 < c < n — 1 and an indecomposable module X with dimX = (l,c). 
Let z > 0. Starting with //(r~*X), we obtains a sequence of GR measures by taking direct 
successors 

^l{T-'X) < fi{T-'X[2]) < fi{T-'X[3]) <... 

by Theorem 14.71 We may also take direct predecessors of ^{t^'^X). It is easily seen that 
Ii{t^^ X[s\) never appears in this sequence for any j > i and s > 1. It follows that 
{fi{T~^X[r])}r>i and {ij,{t~^ X[s])} s>i are in different GR segments for all < i 7^ j. 
Thus there are infinitely many GR-segments. □ 

5. 3-KrONECKER QUIVER 

It was proved in [1^ that indecomposable modules in a regular component of the 
Auslander-Reiten quiver of a wild hereditary algebra are uniquely determined by their 
dimension vectors. Thus given a regular component of the Auslander-Reiten quiver of a 
wild quiver, there are only finitely many indecomposable modules with the same length. 
Since length is an invariant of GR measure, it is interesting to know if these indecomposable 
modules with the same length have the same GR measure. However, this is not always the 
case (see, for example. Section [5^ . 
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Now we consider a fixed 3-Kronecker quiver. This quiver is of special interests because 
it relates to Fibonacci mimbers. Let C be a regular component which contains an inde- 
composable module with dimension vector (1, 1) or (1, 2). We show that the Gabricl-Roitcr 
measures of the indecomposable modules in C are uniquely determined by their dimension 
vectors. 

5.1. Fibonacci numbers and dimension vectors. We denote by Fj the Fibonacci num- 
bers, which are defined inductively: Fq = 0, Fi = 1 and -Fn+2 = -^n+i + -^n- Thus we have 
the sequence: 

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, . . . 

With the help of Fibonacci numbers, we may describe the dimension vectors of indecom- 
posable modules as follows: 

Lemma 5.1. Let M be a non-projective indecomposable module with dimension vector 
(a, 6). 

(1) If T^M exists for i> then its dimension vector is (F4j_)_2a — F/^ib, F^iU — F4j_26). 

(2) IfT~'^M exists for i > 0, then its dimension vector is {F^ib — F4i-20', F^i+ib— F^ia). 

Proof. Wc show (1) and (2) follows similarly. We use induction on i. This is clear for i = 1. 
Assume that dim t^M = (F4j_|_2a — ^4,6, F/^ia — Fn-2b)- Then 



dim r^+^M 

= {FiiJ^2a - Fob, F4ia - Fii_2h) ^ ^ 

= (8(F4i+2a - F4i&) - 3(F4ia - ^4^-26), 3(^4^+20 - F^^) - {F^a - ^4^-2^)) 
= {{mi+2 - 3F4i)a - {mi - 3F4i-2)6, (3F4i+2 - F^i)a - {2,Fu - Fu-2)h) 

[3 l\ 

Since for each n>2, Fn+2 = 3F„ - F„_2, i.e., (F„+2, Fn) = {Fn, Fn-2) ^ n ' ^^^^ 



-1 



{Fn+Q-iFn-^-i) = {Fn+4:,Fn+2) 
= {Fn+2,Fn 
= {Fn+2 , Fn 



(-■.: 

3 1 ] ( 3 1 
-1 y \^ -1 

8 3 \ 



-3 -1 I 

Therefore, dim r^+^M = (F4(j+i)+2a - i^4(i+i)&, ^4(i+i)a - -^4(j+i)-2&)- □ 
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5.2. Regular components containing an indecomposable module with dimension 
vector (1,1) or (1,2). First of all, we are able to describe the regular components such 
that a r-orbit contains two different indecomposable modules with the same length. It turns 
out that up to a scalar such a component is exactly the one that we have mentioned above. 
The following result was shown in [8] using Fibonacci numbers: 

Proposition 5.2. Let M be an indecomposable regular module such that \M\ = |t*M| for 
some i > 1. Then the r-orbit contains an indecomposable module with dimension vector 
(m, m) or (m, 2m) for some m > 1. 

The regular components containing some indecomposable module X with dimension 
vector (1,1) or (1,2) are of special interests. On one hand, the dimension vectors of the 
indecomposable modules in such a component strongly relate to pairs of Fibonacci numbers. 
On the other hand, the indecomposable modules r*X (resp. r~*X) have no proper regular 
factors (resp. regular submodules) for any i >0. 

In the following, we always denote by X an indecomposable module with dimension 
vector (1, 1) in a regular component C. We are going to describe some properties of the 
dimension vectors of the indecomposable modules in C. 

Remark All properties to be presented also hold similarly for a regular component con- 
taining an indecomposable module with dimension vector (1,2). 

Since indecomposable modules in C are uniquely determined by their dimension vectors, 
we use the dimension vectors to denote the indecomposable modules. The following is a 
part of the regular component C: 
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Lemma 5.3. Let M he an indecomposable module. 

(1) If dim Af = {m,m), m > 1, then dim r^M = (mi<4j_(.i, mi<4j_i) and dim r~^M 
(mF4i_i, mF4i+i), for each i > 0. 
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(2) If dim M = (m, 2m), m>l, then dim t^~^^M = (mF4j+3, mF4j+i) and dim r *M = 
(mF4j+i, mF4i+3) for each i>0. 

Proof. These are direct consequences of Lemma 15.11 □ 

We define inductively a sequence of indecomposable modules in C. Let Xi = X. 
Assume that X„ is already defined. If n is odd, then Xn+i is the unique indecomposable 
module with an irreducible epimorphism Xn+i^Xn] if n is even, then Xn+i is the unique 
indecomposable module with an irreducible monomorphism X„— Thus 

^2 = ( 6 3 ) X4 = ( 42 21 ) 

Xi = ( 1 1 ) X3 = ( 8 8 ) = ( 55 55 ) 

Note that the quasi-length of X^ is ql (M„) = n. 
Lemma 5.4. The dimension vector of Xn is 

dvm.X„ - 



F2„(l, 1), n is odd; 
F2n(2, 1), n is even. 



Proof. It is not difficult to see that for each n > 2 the dimension vector of X^ is the 
following: 



dim Xn 



Eiii dimr*X + ^.J^ dimr^^X + (1, 1), n is odd; 

n n -j^ 

^•^-^ dimr*X + ^j^j^ dimr~*X + (1, 1), n is even. 



Thus if n is odd, then 



dim^n = (E^Jl ^4^+1, FA^-l) + (E.Jl ^4.-1, E.Jl ^4.+l) + (1, 1) 

= (Z]r=i-^2j-i,i]"=i-^2j-i) 

= {F2n,F2n)- 

It follows similarly for n even. □ 

Corollary 5.5. Let M be an indecomposable module in C with quasi-length n. If n is odd, 
then the dimension vector of M is F2n{Fii+i, Fa^i), F2„(l,l) or F2„(F4j_i, ^4^+1). If n is 
even, then dimM = F2„(F4j+3, F4j+i) or F2n(-Rij+i, -Rii+s)- 

Proof. Since the quasi-length ql (M) = n, M and Xn defined above are in the same r-orbit. 
Thus M = T^Xn for some integer i G Z. □ 
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5.3. Indecomposable modules with the same length. Now we will show that in the 
regular component C, two indecomposable modules with the same length are in the same 
r-orbit. Thus we may describe their dimension vectors using the properties we have seen 
before. For an indecomposable regular module M with quasi-length ql = n, we denote by 
qs (M) the unique quasi-simple module X such that M = X[n] and by qt (M) the unique 
quasi-simple module Y such that M = [n]Y. 

Lemma 5.6. Let M and N be two indecomposable modules in C with \M\ = \N\. Then 
ql (M) = ql(A^). Thus either there is an indecomposable module U with dimension vector 
i^2n(lil) such that M = r^U and N = t~^U for some i, or there is an indecomposable 
module V with dimension vectors i^2n(2, 1) and (i\m. T~^V = F2n(l)2) such that M = t'^V 
and N = t^^{t^^V) for some i, where n = ql (M) = ql {N). 

Proof. The proof depends on a detailed calculation of the dimension vectors. Let qs (M) = 
Ml, qt (M) = Ms and M-i = t'^-X. Similarly, let qs (iV) = iVi, qt {N) = N2 and iV, = t"»X. 
Without loss of generality, we may assume that m2 > ?^2• It is obvious that M = N, 
provided the equality holds. 

We first assume that 7712 > n2 > 0. Then 



by Lemma l3. II It follows that rrii < ni. But this implies dimM < dim A^, a contradiction. 

Now we assume that m2 > > n2- Obviously, we have nii > \n2\- If ni < 0, then 
n^i = \n2\- Otherwise, mi > |n2| and 



and thus |A^| < |r~™'iX| = |r'^iX| < |M|, a contradiction. Since mi = |n2|, we have 
n^2 = \ni\ and thus ql (M) = ql(A^). If ui > 0, we have two possibilities ni < m2 
and ni > 7712. In the first case, we have \n2\ = mi. Otherwise, \n2\ < mi and thus 
El=odimr-*X < dimr-^iX and E"=idimr*X < dimr^^X. It follows that |7V| < |M|, 
which is a contradiction. (Note that here we need mi ^ m2, i.e., M is not quasi-simple. If 
M is quasi-simple, we can discuss similarly.) In the second case, we have | "^^m+i t^^I = 
I y2^~r,2 T^X\. Then the discussion for the first case applies. The other possibilities 
follow similarly. The proof of the other statements is straightforward. □ 




X 



i=0 



dhnN < y^T-'X < dimr-(l"2l+i)x < dimr-'^^X. 



i=0 
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Let us denote indecomposable modules in C by their dimension vectors. Given an odd 
number n > 1. There is a short exact sequence 

0^F2„(1, 1) 4 F2„+2(l, 2)^T-'^ (1, 1)^0. 

Thus we have short exact sequences 

0^T-*F2„(1, 1) A r-F2„+2(l, 2)^T-(^+^)(l, 1)^0 
where are irreducible monomorphisms. 

Lemma 5.7. Let n > I be odd. T/ien dimr~*F2„(l, 1) < dimr~'^*+^''(l, 1) for each i >0. 

f 

Therefore, T^*i<2n(l;l) — ^ *-f2n+2(l5 2) is a GR inclusion. 
Proof If i = 0, 

dimr 2 X = (F2„+i, F2„+3) > (F2„,F2„,). 
Now assume that i > 1. Then we need to show 

(^2n-Rij-l, -^2n-p4j+l) < (-^4(4+ !i±i)_i j ^4(Ii±i)+i ) • 
Since Fr-Fg + i^^-l-^s-l = -^r+s-l, we get i*2n-p4i-l < F2n+ii < F2n+4i+l and F2nF4j+i < 

F2n+4i+3- The second statement follows by Proposition I3.9[ □ 
Similarly, let n > 2 be an even number. Then there is a short exact sequence 
0^F2„(1, 2) A r-iF2„+2(l, l)^r-(t+i)(l, 1)^0. 
Thus we have short exact sequences 

0^r-'F2„(l,2)4T-('+i)F2„+2(l,l)^T-(^+t+i)(l,l)^0 
where fi are irreducible monomorphisms. As above, the following result can be easily shown: 

Lemma 5.8. Let n > 2 be even. Then dimT~*i<2n(l5 2) < dim r~^'"^'2^^^(l, 1) for each 
i > 0. Therefore, t-*F2„(1,2) 4 r-(*+i)F2„+2(l, 1) is a GR inclusion. 

Theorem 5.9. Let X be an indecomposable module with dimension vector (1, 1) and C a 
regular component containing X . Then the GR measures of the indecomposable modules in 
C are uniquely determined by their dimension vectors. 

Proof. By previous discussion, it is sufficient to consider the following cases: 

fi 

(1) Since for an odd number n > 1 and each i > 0, r~*i<2n(l) 1) 'T" *-^2n+2(l) 2) is a 
GR inclusion (Lemma 15. 7|) . we need to show that the length of a GR submodule of 
T*-F2n+2(2, 1) does not equal to |r~*F2,i(l, 1)|. 
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(2) Since for an even number n >2 and each i > 0, t *F2„(1,2) A r ^^'^^'^ F2n+2{^ , 1) 
is a GR inclusion (Lemma lS.Sp . we need to show that the length of a GR submodule 
of r*+iF2„+2(l,l) does not equal to |t-*F2„(1, 2)|. 

We show (1) and (2) follows similarly. A GR submodule Y of r*i<2n4-2(2, 1) is obviously a 
regular module. Assume that dimy = (a, 6). Then dim r~^y = {3b — a, 8b — 3a). Let M be 
the unique indecomposable module with an irreducible monomorphism Y^M. Then there 
is an epimorphism M^t*F2„+2(2, 1) (Lemma [2213)). Note that dimM < (36,96 - 3a). 
Assume that |y| = |r~*i<2n(l5 1)1- Then we have 

a + 6 = F2„(F4j_i + F4j+i) and 36 > F2„+2-F4i+3- 

The second inequality follows because dim t*F2„4-2(2, 1) = F2n+2iF4i+3, -p4j+i)- Therefore, 

Q + 6 ^ F2n{F4i-l + F4i+l) 
36 F2„+2-Rli+3 

and thus 

3F2„ (F4j_i + F4j+i) ^ 



6 -^2n+2 -Kli+3 

For the purpose of a contradiction, we show that the right hand side is smaller than = 
2-ip where the golden ratio. If this is the case, then (o, b) is not a root. Thus 

there does not exist an indecomposable module with dimension vector (a, 6) and we obtain 
a contradiction. 

We simply write A = ■ It is sufficient to show 



-^2n+2 3 

V5 



Using Fm = - — 7f-^^^, we may easily obtain that i^Fm = Fm+i — (1 — V')™- Thus 



{l + ^)Fm = ^^Fm = ipFm+l-{l-vT^ 

= Fm+2 - (1 - ^r+^ - (1 - ^r^ 

= Fm+2-{l-^r{l-V + V) 

= Fm+2-ii-Vr- 



Replacing m by 2n, we get < (i+^)f2 ~ TT^' "^^^^ sufficient to show that 
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Note that (g-'^Ki+y) = However, 

Fai+Z Fai+z 

The proof is finished. □ 

Remark The theorem can be gcncraUzcd for regular components over n-Kronecker quivers, 
which contains an indecomposable module with dimension vector (1, 1) or (l,n — 1). 

5.4. A counter example. In the following example, we will see that non-isomorphic in- 
decomposable modules in a regular component may have the same GR measure for some 
wild quiver. 

Example Let k be an algebraically closed field and Q = {Qo, Qi) be a tame quiver of type 
An with n > 3 an odd number and with sink-source orientation, i.e., a vertex in Qo is either 
a sink or a source. Without loss of generality, we may certainly assume that the vertices 
in Qo labeled by {ai, 02, . . . , fln+i} and there is an arrow ai— 7-02. This means that oi 
is a source. Let Q be the one point extension of Q with respect to the indecomposable 
projective module Paj- More precisely, Qo = Qo U {uq} and Qi = Qi U {oo^ai}. For 
example, if n = 3, then Q is the following: 

02 

Uq — 9. Oi Qa 

as 

We know from the structure of the Auslander-Reiten quiver of Q that there are two excep- 
tional regular tubes, each of which contains precisely non-isomorphic indecomposable 
modules of length 2 as quasi-simple modules. Let M be one of those with dimension vector 



(dimM)„. 



1, i = l,2; 
0, otherwise. 



Then as fcQ-modules, M, tqM, . . . , Tq^ M are pairwise non-isomorphic quasi-simple regular 
modules in a regular tube. It is not difficult to see that t^-M" = TqM for every < i < 



n+l 



and r— ^ M is an indecomposable module with length 3. Thus t^M are quasi-simple regular 
modules with length 2 for all < z < . Obviously, they all have the same GR measure 
{1,2}. 
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